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PERIODIC ORBITS OF n-BODY TYPE PROBLEMS:
THE FIXED PERIOD CASE

HASNA RIAHI

ABSTRACT. This paper gives a proof of the existence and multiplicity of periodic
solutions to Hamiltonian systems of the form

@A) {miéi+2—;j(t,q)=0
q(t+T)=4q(t), VteR.

where ¢, €R!, €>3,1<i<n, q=(q, .., 4qn) and
n
V=Y Vit q-4q)
1<idj

with V;;(t,&) T-periodicin ¢ and singularin ¢ at ¢ = 0. Under additional
hypotheses on V', when (A) is posed as a variational problem, the corresponding
functional, 7, is shown to have an unbounded sequence of critical values if the
singularity of ¥ at 0 is strong enough. The critical points of I are classical
T-periodic solutions of (A). Then, assuming that I has only non-degenerate
critical points, up to translations, Morse type inequalities are proved and used
to show that the number of critical points with a fixed Morse index k grows
exponentially with k, at least when k = 0, 1(mod ¢ — 2). The proof is
based on the study of the critical points at infinity done by the author in a
previous paper and generalizes the topological arguments used by A. Bahri and
P. Rabinowitz in their study of the 3-body problem. It uses a recent result of
E. Fadell and S. Husseini on the homology of free loop spaces on configuration
spaces. The detailed proof is given for the 4-body problem then generalized to
the n-body problem.

1. INTRODUCTION

The aim of this paper is to prove the existence and multiplicity of periodic
solutions with fixed period to Hamiltonian systems of the form

’ qt+T)=4q(1), VteR,

where g; € R, £>3,1<i<n,q=(q1,..,q,) and V : Rx F,(R)) — R.
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4664 . HASNA RIAHI

Here F,(R‘) denotes the n'" configuration space on %!
F®)={(a1, -, a) € ®)"/ ai #q;if i # j}.

Since the arguments used here are valid for any choiceof m; >0, 1 <i<n,
one can take m; =1, 1 <i < n and write (1.1) as

G4V (2, q)=0
(HS) {q(t+ T)=q(t), VER

V is given by

n
(1.2) V=3 Vyt.q-4)
i,j=1
, i#j
where for each i, j the function V;; is T-periodic in ¢ and satisfies
(") Vi, 8 e B (Rx (R - {0}), ®),
(I/Z) V;J(t9 f) < 0,
(V3) Vij(t,&) — 0 and V}i(¢,&) — 0 as || — +o0,
(Va) Vij(t,8) — —o0 as £ — 0,
(Vs) For all M > 0, there is an R > 0 such that |£| > R implies that
(Vs) There exists U;; € €'(R x (R’ — {0}), R) such that U;;(¢, &) — oo
as { — 0 and -¥;(¢, &) > |V:Uy(2, )17
Potentials having the following form

(13) Vi) =~ Z Jai— qJI”U

i,j=1
i#j

where «;; and B;; are positive, satisfy (V;)-(Vs). Moreover (V) is satisfied
if and only if B;; >2 forall i, j. Hence the classical n-body problem, where
Bii=1, 1 <i#j<n,does not satisfy the strong force hypothesis (V;).

Once T > O is chosen, (HS) is posed as a variational problem in order to
find T-periodic solutions.

Let E = W} 2R, (R)") be equipped with the norm

T
Hﬂ=%hﬁw+mN
where

1 [T d

=7 [ as)ds
The functional corresponding to (HS) is
T
I(q) = /(szmmwa

(Vs) implies that if ¢ € E and I(g) < oo, then g € A, where
An={q€E/q(t)#q(t) forall i # jand t € [0, T]}.
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Critical points of I in A, are then easily seen to be classical T-periodic solu-
tions of (HS). The main result is

Theorem 1. If V' is autonomous and satisfies (Vy) — (Vs), then foreach T >0,
I possesses an unbounded sequence of critical values.

Since, in the proof, no explicit use is made of the fact that V is independexit
of ¢, we also get the following result

Theorem 1’ . Suppose V = V(t, q): R x F,(R!) — R is T-periodic in t and
satisfies (V) — (Vs) . Then the functional I has an unbounded sequence of critical
values which correspond to T-periodic solutions of (HS).

If one assumes that I has only non-degenerate critical points, modulo trans-
lations, then we also have the following theorem which shows that the number
of periodic orbits increases exponentially with the Morse index.

Theorem 2. Let V satisfy (Vi) — (Vs). Assume that if I'(q) = 0 then m(q) —
m(q) = £ where m(q) is the Morse index of q and m(q) is the generalized
Morse index of q. Let N, denote the number of critical points, q, of I such
that m(q) = k. Then, )
(n=1)

Ne2cn =1
if k is large enough and k =r(l —2) or k =r(l —2)+ 1. Here, c, is a positive
constant which depends on n and satisfies 0 <c, < 1.

Different papers have dealt with n-body type problems under different con-
ditions. H. Poincaré [18] studied the 3-body problem in a very particular case
using the convergence of some series. A. Bahri and P. Rabinowitz studied 2-
body type problems in [5] and 3-body type problems in [6] under the same
conditions as the ones considered here. For 2-body type problems, we also re-
fer to the works by A. Ambrosetti and V. Coti-Zelati [1, 2], M. Degiovanni and
F. Giannoni [8], W. Gordon [11], C. Greco [12] and the references therein.
Concerning n-body type problems, V. Coti-Zelati studied the symmetrical case
(Vij(€) = Vji(§) or more generally, V(t+ ) —q) = V(t, ¢)) in [7] and re-
cent work by P. Majer and S. Terracini [16, 17], using conditions similar to
the ones assumed here but slightly different at infinity, proves the existence of
an infinite number of solutions for the n-body problem with the strong force
hypothesis. It relies on a variant of Ljusternik-Schnirelman variational theory
and on a collision index related to the relative category.

The proof given here, uses the description given in [19] of the critical points
at infinity arising from the failure of the Palais-Smale condition and of the
topology of their unstable manifolds. It gives us a more complete account of the
solutions at least when the functional I is assumed to have only non-degenerate
critical points which, by [15] and [3, 4], can always be assumed to be the case
if we perturb the potential a little bit.

To prove Theorems 1, 1’ and 2, we use the results of [19] where it was
proved that if we approximate I by a new functional / with non degenerate
critical points, then I* = {g € E / I(g) < M} has the same homology as
I U Dy UDS; where Dy, is the union of the unstable manifolds of all classical

critical points of I in IM — J¢ and D$? is a similar set for the critical points
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at infinity. In Section 2, taking » = 4 and arguing by contradiction, I is shown
to have an unbounded sequence of critical values. Indeed, if the set of critical
values of I were bounded then, for k large enough, the following inequality
would be true:

rank H; (A4) < 4(ranka_(1_1)(A3) + rank Hy (A3)) +ak + b

where a and b are positive constants. On the other hand, a recent result of
E. Fadell and S. Husseini [10], shows that the above inequality is false for k&
large enough. This contradiction establishes the result for the 4-body problem.
In Section 3, assuming that I has only non-degenerate critical points, up to
translations, Morse type inequalities are proved for the 4-body problem. They
give us estimates on the number of critical points with a fixed Morse index k,
which is, then, seen to grow exponentially with k if k=0,1 (mod/-2). In
Section 4, these results are generalized to the n-body problem for n > 4, using
the results of [19] and the following theorem of E. Fadell and S. Husseini [10]:

Theorem (E. Fadell and S. Husseini). If Y is a topological space, let Q(Y) be
the free loop space of Y. Let X = {x;} denote a fixed set of mutually distinct
points in Rt and X; = {x,, ..., x;j}. Then, using coefficients in 2,

H,(Ay) = H(QR! — X—1)) @ Ho(QR! — X,22)) ® ... ® H.(QR! - X))).

Since, by results of M. Vigué-Paoirrier [20], E. Fadell and S. Husseini [10], it
is known that

rank H; (Q(®! - X;); ) #0, onlyif k=0, 1 (mod / - 2),

rank H (QR' - X;); Z) < j fork=r(l-2)andk=r(l-2)+1

and

rank H(Q8 - X)); ) 2 7251 = 1) fork =1l =2)

and k=r(l-2)+1,

this yields the results for the n-body problem associated with (HS) when the sin-
gularity of V' at 0 satisfies the strong force hypothesis, (¥;), which eliminates
collision orbits.

2. FINDING PERIODIC ORBITS FOR THE 4-BODY PROBLEM

Theorem 2.1. If V satisfies (V) — (Vg), then for each T > 0, I possesses an
unbounded sequence of critical values.

Sketch of the proof. Suppose the set of critical values of I is bounded by a.
Let M >a. Let T bean approximating functional for / with non-degenerate
critical points defined as in [19] and let Z be the pseudogradient vector field
constructed for I in [19]. It was shown in [19], following [6], that if €, is small
enough, then I has no critical points under the level 2¢; and any trajectory
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q(t) of

with g(0) € IM+! = IM+! which does not enter I¢ = I or does not converge
to a critical point of I hasa limit. The set of such limits, #Z , is called the set
of critical points at infinity of /. An unstable manifold is associated to each
critical point at infinity and the union of these unstable manifolds is denoted
by D57, . Let Dy, be the union of the unstable manifolds of the critical
points of 7 in IM+!. Then, in [19] it was shown that 2y, is an Euclidian
neighborhood retract (E.N.R.) of dimension m. The following sets were also
defined in [19]: Z°°, a set with a piecewise smooth boundary which contains
I UDR,, inits interior and 7 = 7{(D+1) , an €-neighborhood of D .
# > is chosen so that Iy, = Iy, retracts by deformation onto Z°* U 7,
and Z°> has the homotopy type of I¢ UZ;y,,. The sets Z¢ and Z; N# >
are absolute neighborhood retracts (A.N.R.’s) and their homologies vanish in
dimension larger than m + 1. Using these results, we will show that the Betti
numbers of " U Z in .Z, homology, hence the Betti numbers of A4, must
satisfy the following inequality, for k£ large enough

(2.1) rank H; (A4) < 4(rank Hk_([_l)(Ag,) + rank H; (A3)) + ak +b
where a and b are positive constants.

On the other hand, by a result of S. Husseini and E. Fadell [10], for &
large enough, the Betti numbers of A in Z5 homology satisfy the following
inequality

(2:2) rank Hy(A4) > f(k) + g(k) rank Hy (A3)

for any polynomials f and g.
This gives us a contradiction which establishes Theorem 2.1.

Detailed proof. First, we want some estimates for the generalized Morse indices
of the critical points of I in I™*!. If we suppose that the critical points of I
lie in 74, then by [19] (Proposition 2.1), there exists a d(a) such that for any
critical point ¢ of I in I¢, we have

inf 4:(t) - g;(9)| 2 8(a).
te[0,1)
Moreover, by [19] (Corollary 3.9), these critical points of I are uniformly

bounded by c(€;, a) in A, the quotient space of A = A4 by the translations
of R¢. For any such ¢ and any ¢ € E,

1
@3 Ia)e. )= [ 9P -3 Vila-a)ei- o) o= 9))
i#j
The generalized Morse index of ¢ is the dimension of the subspace of E on
which I”(q) is non-positive definite. The form of I” and above remarks show
that the generalized Morse index of any critical point of I in I¢ is bounded
above by a positive integer m = m(a). We showed, in [19] (Section 4), that
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I — I|lg: can be made as small as we want and critical points of I liein a
small neighborhood of those of I. Hence, m is also an upper bound for the
generalized Morse index of any critical point of 7. It can be shown that 2.,
is an E.N.R. of dimension at most m. In the sequel, m is the dimension of

D+ -

Now, we choose k such that
(2.4) k > max(m+1, 5¢).
Let

{Z} € Hk(A, 23)‘

Then, {z} may be represented by a chain z having support in a compact set
KeA.

Choose M > a such that K c IM+!. Then, {z} can be interpreted as a
homology class in H,(IM*!, 23) = Hy(# ' ° U %, %). Let

(2.5) Z =1"U9g,,.
Note that Dy = Z,. # > has the homology of .& . Therefore,
(2.6) H,(#"°) = Hy(Z).

Since Z;, ZcNF > and #Z > are closed A.N.R.’s, (Z¢, # ) is an excisive
couple and the Mayer-Vietoris sequence holds:

(2.7)
e — Hy(°NY) — Hy(#°) @ Hy(Z) — Hp(F° U Z)
— H, (#>°N7)— ...

If n>m, H(Z)=H,(#>NnZ)=0. Hence, for n>m+1,
(2.8) H,(#*° V7)) = Hy(# ) = H,(Z).

Since k >m+1, {z} € H(Z).

Now, we recall the construction provided in [19] of the new systems of co-
ordinates near each critical point at infinity.

M being chosen as above, we choose ¢ > 0 such that: in a neighborhood of
the classical critical points for the 3-body problem corresponding to the indices
(i, j, k), under the level M + 1, we have

1 1 1
lg; — a1l < ¢35 Ig; - aill < z¢5 1lg; - a]l < i

all points on the unstable manifolds of the critical points for the 2-body problem
corresponding to the indices (i, j), between the levels %e. and M + 1, satisfy

1
llgi — g;1l < ik

and all points on the unstable manifolds of the critical points for the 3-body
problem corresponding to the indices (i, j, k), between the levels %e. and
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M + 1, satisfy

1 1 1
llgi — qjll < 3¢ °r g — @)l < ac °or llg; —a]l < i

Then, by [19] (Proposition 3.1), there exists an a(M + 1) > 0 such that if
(@1, ¢2) € A, satisfies

(i) a1,q € IM*,

(i) = SAUM+1),
then we have a new system of coordinates (P;, P;) such that

1 1 <o 1 1 5 12 l
Ilz(ql,qz)—ij) |P1] d""i/o |F2| dt+l+l[P|—Pz]|2’

by [19] (Proposition 3.2), there exists an a(c, M + 1) > 0 such that if (q;, ¢>,
q3) € A3 satisfies

i) a1, a0, €1,
(ll) |[ql - q2]| <c,

(iii) WSO(C,M'FI),

then we have a new system of coordinates (g, , g2, Q3) such that

1t 1
I s @, @) =1a(q, @)+ = / 2dt + ,
123(41> 92, 93) = 12(@1, @2) + 5 A Qs 17105 = Ta)p

by [19] (Proposition 3.5), there exists a d(c, M + 1) > 0 such that if g € A
satisfies

(i) g € IM*,

(i) llg -l <c, 1 1

) -y * Te-gEr T wear < 0C M T 1),
then we have a new system of coordinates (g, , 42, R3, Rs) such that

1 1 1 T
19) = 1@, @) + = / Ry dt + = / |Ra? dt
2 ) 2 Jo

1 1 1
+ + + .
1+|[R3 — 2352]2 * 1+|[Rs — 23] * 1 +|[Rs — R3]

We choose d(c, M + 1) such that

l~ ~
é(c,M+l)s—/ (i3 + V23)
0

when a(c, M +1) and

1
[
l -~
6(c,M+l)S-/ Via
0

1
when m 2a(M+ 1).
Then &; 1s chosen such that

0<d) < %5(c,M+l).
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We then choose ¢; such that ¢; > ,/m—l, a > ,/a—,‘-}+—l)—l and
Ilgs — lLf‘ll]l < ¢, when the coordinates (q;, g2, Q3) are not available or when

o J_;_vz"z > 16, and |[g3 — g4]| < ¢; when the coordinates (P;, P;) are not
available or when plpy 2 301

Then, by [19] (Proposition 3.3), there existsa 8(c, ¢;, M + 1) > 0 such that
if g=(q1, 42, g3, 1) € A satisfies

(i) g € 1M1,

(ii) |[q1 — g2l < ¢,

(i) |[g3 — gl—‘izll <c,

(lV) 1+|[ga— qpqe-rq;]l; < ﬂ(C ¢, M+ 1) ’
then we have a new system of coordinates (q;, ¢, g3, Ss) such that

1 [t 1
I(q) =1 2, = | |S4°dt ,
@ =his(ar, @, 09+ 5 [ 18Pt + g
and by [19] (Proposition 3.4), there exists a y(c, ¢, M + 1) > 0 such that if
=(q1, 92, 43, 9a) € A satisfies
(i) g € IM*!,
(ii) |[41 - @2l < e,
(iti) |[gs — gall < €1,
(lV) m_)’(c C],M"l‘l)
then we have a new system of coordinates (g, g2, T3, T3) such that

1
I(q) = I2(q1, q2) + I3a(T3, Ty) + [ (G20 @l

In the sequel, we denote by g = B(c,c;, M+1), y=9y(c,c;,M+1) and
0 =0(c, M +1). We choose 8 and y such that

B < %51 and < %5,.

We then choose B and y; such that

B < %B and 7 < %y.
We choose all the constants in such a way that they stay valid under any per-
mutation of the indices and such that the transformations between the initial
coordinates and the new ones are diffeomorphisms (see [19] for details).

In the sequel, we denote by W, °(g;, g;, gx) the unstable manifold of the
critical set at infinity defined by

1

1+ |Sr _ [di+43[+4k]|2

{(@,q,q)} < {S eR/ < A}

where (g;, 4;, dx) € KU"’,‘+ 1 the set of classical critical points under the level

M +1 for the 3-body problem corresponding to the indices (i, j, k) and {r} =
{1,2,3,4}-{i, j, k}, W>((di, G;); (Ti, T,)) the unstable manifold of the
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critical set at infinity defined by

e
] / 1+ |[Tk;‘1; _ qﬁz-d(]lz

{(@i> 3)} x {(Tee, T} x Al <n}

where (4;, g;) € KM*! and (T;, T,) € K}*', the sets of critical points under
the level M + 1 for the 2-body problems corresponging to the indices (i, j)
and (k, r), respectively, and such that 1;;(g;, 4;) + Ii,(Ti, T;) < M + 1, and
{k,r}={1,2,3,4}-{i, j}, W(di, g;) the unstable manifold of the criti-
cal set at infinity defined by

1 1
75 T =7,
1+ |R — [‘7'_"2'4L1|2 1+|Rs - [d,+d(]|2
1
—_—<
*TFR-RE <%

{(@, 4))} x {(Re, Rs) € (R))*/

where (g;, 4;) € K}/*!, the set of critical points under the level M + 1 for the 2-
body problem corresponding to the indices (i, j) and {k,s}={1,2, 3,4} -
{i,Jj}.

Note that the translational symmetry of I, and in particular of I;;, alIows us
t0 define the variable [T4T: — 934 ¢ R independently of (q;, 4;) € Aij and
(Tk s T) € Akr

Then, we have the following lemma.

Lemma 2.2. ¢, ¢, being chosen as above, on W°(g;, G;, i) — intI¢*, we have
lg: — g1l < §c and |[g — L5E) <1 or
lg: — gl < 4¢ and |[g; — 5% < ¢, or
lgj — gc]l < §¢ and |lg; — L5%) <1, and
on W((di, d;); (Tx, T;)) — int I, we have
llg: —g;1| < §c and |[Ti - T,)| < ¢, or
[Tk — T;)| < 3¢ and |[g:— gl < ¢

Proof. By the choice of c, all points on the unstable manifolds along Z;;;
(pseudogradient vector field constructed in [19], relying on [6], for the 3-body
problem corresponding to the indices (i, j, k)) of the classical critical points
of I;j; between the levels €, and M + 1 satisfy

1 1 1
llgi — ajll < ¢ or llgi —aill < zc or |lg; — all < Z¢

This is possible since on W, (q;, g;, gx) — int I"k only one body can split away
from the others.

On W>(4gi, g;, dx), by the choice of ¢, every trajectory starts in a neigh-
borhood where

1 1 1
I[Qi—Qj:"SZC, llg: — akll < z¢ and Ilgj — aell < 5
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then, if g, goes away from (g;, g;) and~enters the region where the coordinates
(gi, qj, Qk) are available, the flow of Z;;; stays in the region where

1 1
e - —— >0
1+ [0 — 554112 1 +]|[S, — L2

since otherwise we are in the region where the coordinates (g;, g;, R« , R;) are
available and

1 1 1
— + —— <
1+|[R — 554)2  1+|[R, - q’—’;“*llz 1+|[Ry — R/]]?
which defines another critical set at infinity. We also have

1
1+ |[S G:+¢I¢+qk

<d

=7

on W>(g:, G;, k) - But then,
1
1+ [0k - 23412 z
and by the definition of ¢,

-B > 51

llae - 23 < e

Next, by the choice of ¢, all points on the unstable manifolds along Z; g
(pseudogradient vector field constructed in [19] for the 2-body problem corre-
sponding to the indices (i, j)) of the critical points of I;; between the levels
€, and M + 1 satisfy |

llgi - g;1l < z¢
Then, if g, and g, split away from each other and enter the region where the
coordinates (P, P,) are available, the flow of Z,, stays in the region where
1 1
+ —— >0
T+IB- B T+ 5% - gayp =

since otherwise we are in the region where the coordinates (g;, q;, Rx, R,) are
available and

1 1 1
e+ o <
T+ (Re — B2 * T+IR, - Ba]? * T+IRe—RIP =
We also have

r.

1

1+ [B3E - gy n
on W,>((di, d;); (T, T,)) . But then,
1 1
S — Ly
T+ P 2% 717 20

and by the definition of ¢,
llgx —a ]l <ci. D
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Lemma 2.3. (1) There exists a C*® function B'(qy, g2, q3) such that if g, € R¢
satisfies (iv) of Proposition 3.3 in [19] with B'(q,, 42, g3) then both systems of
coordinates given by Proposition 3.3 in [19] are available at (q,, ¢, g3, q4) -

(2) There exists a C* function y'((q:, q2); (43, 4s)) such that if [2f2 —
43 satisfies (iv) of Proposition 3.4 in [19] with y'((q1, 42); (43, 44)) then
both systems of coordinates given by Proposition 3.4 in [19] are available at
(ql » 42,43, q4)'

(3) There exists a C>® function 6'(q,, q;) such that if (q3, q4) € (R%)? satis-
fies (iii) of Proposition 3.5 in [19] with 6'(q, , ;) then both systems of coordinates
given by Proposition 3.5 in [19] are available at (q,, ¢, 43, 4s) .

Moreover, we can choose B'(q1, 42, @3), Y'((q1, 92); (43, 94)) and 6'(q;, q2)

such that

B'(a1,q:,4q)=pion U Wu(d1, @2, @3) —intIjh,,
(@1, vq3)€K|A2’;l

7' ((q1,92); (3, ga)) =7, on

(2.9) U (Wuld1 > @2) x Wu(ds, Ga)) — int(I1z + I34),

(91,92)€K2
(43, 94)€K34

T2(@1, 42)+F4(d5, 4) <M +1

0'(q1, q2) =, on U Wua, @) -intrg
(91, 3)EK™!
and

(2.10) |
1 _ 1 - I ~
ﬁ'(ql,.qz,qs)<inf(—/o (V12+V|3);—/0(V12+V23);—/0(V13+V23))

l~ I _
7’((ql,qz);(qs,q4))<inf(—/o Vlz;—/o V34)

Proof. The proof is similar to the one given by Bahri-Rabinowitz [6] for the 3-
body problem. We recall it here. By [19] (Proposition 3.3), for any (q;, ¢>, ¢3)
€ Az and ¢(q1, @) = a1 — @ll, ald,q,q) = llgs — 232])|, M =
5ixs(q1,92,93) + 1, there is a B(2c, 2¢,, 2M) for which the conclusions of
Proposition 3.3 in [19] are valid at (g, 42, g3, g4) if g4 € R’ satisfies (iv) .
We take 1
B'(2c, 2¢;,2M) < zﬂ(Zc, 2¢y, 2M)
such that

l ~ ~
B2, 21, 2M) < — /0 (i3 + )

on the set defined by |[¢] — g}]| < 2¢ and |[g} — Z3%]| < 2¢, .

We can permute the indices (1, 2, 3) and take the smallest of the 3 constants
provided this way.

In a neighborhood Wiy 41,41 of (47,43, 43), we have I123(q1, 42, q3) <
2123(a1 5 45, 45) > 119i — 51| < 2¢(q], g}) and |[q — “5%]| < 2¢1(q], 4, q) for
any permutation (i, j, k) of the indices (1,2, 3). This gives us a covering
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of A>3 which possesses a locally finite refinement W,,. Let (p,,) be a smooth
partition of unity subordinate to W,,. Define

ﬂ,(ql » 42, q3) = Eﬂ:npm(ql »q2, q3)

where B, is the B'(2c, 2¢1,2M) associated to some Wy g ,q; such that
Win C Wt a0 -
Then

B'(q1,a,a) < Bw

where B, is the largest of the B, such that pn(q:, 42, ¢3) # 0. Since Propo-
sition 3.3 in [19] holds at (¢:, 42, 43, 44) € A where g4 € R’ satisfies (iv)
with B}, , it holds a fortiori for a subclass of g4 € R satisfying (iv) with
B'(a1, a2, q3) and B'(q1, g2, g3) satisfies (2.10) since By, does so.

In the same way, we define ¥'((¢1, 42); (43, g4)) and d'(q1, q2) .

Now, Lemma 2.2 implies that we can take one of the neighborhoods W,,
large enough so that

( U Wu(d1, @2, @3) —intI3y,) C Wy,
(41,92, 93)€K ]S

( U W(ql,q23 q3) mt[23)nWm'_z
(ql »q2, qJ)eKrA

for any m’ # m. Then we take B, = B, for this neighborhood.
Doing the same thing for the other unstable manifolds at infinity will imply
(2.9).

Let
A3 ={(q1, @2, 93, Sa) € A2z x R/ 123(q1 5 92, 43) + W— FEEE S €
l+|S [QI‘WE"W: ]lz -_— ﬂ (ql b qZ b q3)}

A5, is a trivializable sphere bundle over I7}, with fiber

F(q1, 0, 93)={Ss € al/1+|s sy S < inf(e; - I2s(q1 > 92, 93)
B'(a1, a2, 33))}-

Since, by [6], I}, has the homotopy type of a submanifold of (R¢)3, we
have

(2.11) H,(#y; %) =0

for n>4¢.
Now, let

A ={(01, a2, T3, T;) € Az x A34/112(¢11 , 42) + 134(T3, Ty)
+m <e; w <7((a1, @); (T3, Ta)}.

Let £3.34 be the fiber bundle over I7} with fiber
F(q1, @) ={(T3, Ts) € A34/I34(T3, Tu) < €, = I2(q1 5 92)} -
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M}, 3, is a trivializable sphere bundle over A,.34 with fiber
F(q1,q,Ts, To) ={Q =145 - 242] ¢ R/ 1riop < infler - Ia(a1, g2)
=I4(T3, Ta), (15 42); (T3, Tu)))}-

Slilnce I}, and F(q;, g2) have the homotopy type of submanifolds of (%¢)?,
we have

(2.12) Ho(H, 345 23) =0

for n>5¢.
Finally, let

.,llezl ={(q] s 92, R3, R4) € A[Z X (W)Z/IIZ(ql ’ qZ) + T l+|R [_L‘i’_‘Z]IZ

TR H*r"lllz + WR-RE < € TR l%ﬂu2 T+[Re— [1%-‘11!2
+imry <@, @)}
A\ 1is a trivializable bundle over I7} with fiber

G(g1, 92) ={(Rs, Re) € (R')/ i —mmmy + Tomemymays + 7Rl
' < inf(e; — Ialq1, @2), 6' (a1 > @2))}-
G(q:, g2) fibers over
G'(q1, 92) = {Rs € R/ ——1rmgr
with fiber
G(q1, 92, R3)={Rs € §Rl/H.m “ogEye t TR-RF
< inf(e; = 12(q1, 42), 0’ (a1 92)) - m}

1+|R; [_L'!"_qz”z - lﬂf(él IlZ(ql s qZ) ’ 5'(41 s 42))}

G(q:1, @2, R3) has the homotopy type of a sphere or the wedge of two spheres
in ®¢, depending on (q;, g2, R3). Hence,

(2.13) I{n("llezl ;22)=0

for n>4/0-1.
Next, let
Qi3 ={(q1, 92,43, Ss) € Aj23 X W/TIS‘—_[—J—T— T <Bla,a, )},

@12:3a={(q1, @2, T3, Ts) € App x A34/'|'+—‘f7'_3__;_¢7"l—__q_¥1?
< Y'((QI ’ qZ); (T3 s T4))} ’

1
1+1Rs l-l;i’lll2 [+R— (T2

+om=rr S 9@, @)}

@12={(41, @2, R3, Rs) € A2 x (R*)?/

and
(2.14) e=1u(J @)ulU&j.»)ulJe.
-igj<r i<j i<j
Lemma 2.4.
Zca

and {z} can be represented by a chain having support in & .
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Proof. This is a result of Lemma 2.2, Lemma 2.3 and the structure of the un-
stable manifolds at infinity given by [19] (Theorem 5.1).

Therefore, {z} can be considered to be a homology class in H(&; Z3).
We have
G NI IZ', ,
(2-15) g}] ’SnIl = ] rs?
g;nlo = l"

Lemma 2.5. The only non-empty intersections between the sets &j,, &;j.rs, Gij

are
Fi2;3 =@3NE&

={(q1, a2, 03, S4) € Aj2 x (R¢)? /m + e [0|+g} T
< o' (ql ’ q2) > 1418~ [q|+g}+q]'2 = ﬁ (ql » 42, q3)}
P38 =812;3a NG
={(@1. g, Ps, P) € Az (R‘)Z/,—Hz,m + TR-AP
<9 (a1, 92); W <V (41, @); (P35, Pa))}
and the ones obtained by permutation of the indices.
Proof. It is enough to show that &3 N&\2.34 =2
On @123 , WE have 1

T+ (1S — 22g2a)p <B'ar, a2, a)

But

1 L ~ ~
= [ (Pt Prut+ 7
T 515, = ZZ4Ea]p /(;( 14 + Vaa + Va4)
and by (2.10)
l ~ ~
B, a2 a) <~ [ (st o).
Hence, on &),3, we have
VL L
-/0 (N4 + Vaa + V3q) <—/0 (M3 + V23).

On the other hand, on &),.34, we have

1 !
1+ l[l‘:_-zﬁﬂ —_ m_.,z._qz]lz <7 ((ql s qZ); (T3 > T4))-

1

T+ 1550 - 3%
and by (2.10)

But

/(V13+V14+V23+Vz4)

l ~
Y@, 2); (T3, T) < - /0 Via.

Hence, on &),,34, we have

v 1
—A(V13+V14+V'23+V24) <-/0 Via.
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On &3 N &34, we must then have
l -~ b~
2 [ i+ Fr) <0
0

which is impossible by (73).

912;3 fibers over A|2 with fiber
H(q1, q2) ={(Q3, S4) € (W)z/m <d(q1, @) T;E:__['ql_ oA
<inf(B'(q1, 42, a3), 0'(q1, @2) — m)}-

A (g1, q2) fibers over the exterior of a ball with fiber also equal to the exterior
of a ball.
2.4 fibers over A, with fiber

A'(a1, @) ={(P3, Ps) € (R’)z/m <d(aq1,q2); w
<inf(y'((q1, 42); (P3, Pa)), 0'(a1 > @2) — Tqp=pip)}-

A"(q:, q;) fibers over the exterior of a ball with fiber also equal to the
exterior of a ball.

Let
o= @ur),
i<j<r
Z=J@j;rsu 1),
i<j
g=@ur,
i<j
then
C=AUFUE.
Lemma 2.5 implies that
I NZE =1,
I NE = U (.gij;,UIG‘)
i,j,r

and
ZNE = Fj;rs UI).
i,J
We can choose d’(g;, g;) such that the sets %;;,, — I are disjoint and the sets
gij;rs — I¢ are disjoint.
Since H;(I®) = 0 for k > 4£ + 1, we can show, using Mayer-Vietoris
sequences, that for k > 44 + 1,

(2.16) H(¥ N¥)= P H(Fij; v 1)
i,j,r

and

(2.17) H(#N%) =D Hu(Zij.rs UIY).

i,j :
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We can also show that for k > 4/ — 1 we have

(2.18) H(Zij;»019) =0
and
(2.19) H (Zij.rsNI) =0.
Therefore, again using Mayer-Vietoris sequences, we can show that
(2.20) H (& n¥) = P Hi(Ryj./)
ij,r
and
(2.21) Hi(ZNE) =P He(Rij.rs)-

i,j
We can check that the couple (& , & U%) is excisive and the Mayer-Vietoris
sequence holds:
H(ANE)— H (X)) H(FBUEF) — H (X UL UF)
— H_ (¥ NF)— ....

(&, %) is also an excisive couple. Hence, the following Mayer-Vietoris se-
quence holds:

H (B NE) — H(F)®H(F) — H (B UEF) — H_((BNF) — ...
We conclude that
rank H, (# U %) < rank Hy (%) + rank H; (%) + rank H;,_|(Z N %)

and

rank H (& UZ U%) < rank H, () + rank H;(Z U%) + rank H;_ (& N %)

< rank H; (&) + rank Hy (%) + rank H, (%)
+rank H;_ (& N¥) + rank H;_|(FZ NF).

We can choose the functions B(q;, g;, 4-), ¥((4:5 4;); (4, ¢5)) and 6(qi, q;)
such that the sets &;;, — I are disjoint, the sets &;;,,; — I are disjoint and
the sets &;; — I are disjoint. Hence, using Mayer-Vietoris sequences, (2.11),

(2.12), (2.13), (2.15) and the fact that H(I¢') =0 for k > 4/ + 1, we show
that, for k > max(5¢, m + 1), we have

H ()= D H(@yr),
i<j<r
H(Z) = D Hi(&j.rs),
i<j
H((%) = @ H(@)).
i<j
@;j, is a trivializable bundle over A;;, with fiber equal to the exterior of a
ball.

&;j.rs is a trivializable bundle over A;; x A,; with fiber equal to the exterior
of a ball.
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@;; is a trivializable bundle over A;; with fiber S(q;, g;) given by
) = 2 1 1 1
S(gi> 4j) = {(Re, R;) € (R)* / TR + TR-[Ea + TR-kp <
9'(¢i, 9)}
S(qi, g;) is itself a trivializable bundle over the exterior of a ball with fiber

having the homotopy type of a sphere or the wedge of two spheres in ®¢ .
Therefore,

(2.22) rank Hy (&;jr) = rank Hy_,—1)(Aijr) + rank He (A;jr),

ranka(@}j;,s) = ranka_(,_l)(AU X A,-S) + ranka(Aij X A,S)

k=(¢=1)
= Z ranka_(g_l)_,,(Aij) X ranan(Au)
(2.23) n=0
k
+ Y rank Hy_,(A;j) x rank Ha(A)),
n=0
(2.24)

rank Hy (@) < 2rank Hy_(3,_2)(Aij) + 3rank Hy_,_1)(A;j) + rank Hy (A;),

(2.25)
ranka(.9Z‘,~,~;,) = ranka_(u_z)(Ai,-) + Zmnka_(,_l)(Aij) + ranka(A,-,-) ,

(2.26)
rank Hy(Z;j,rs) = rank Hy_ (3, —2)(Aj) + 2 rank Hy_,_1)(A;;) + rank Hi (A;).

(2.22), (2.23), (2.24), (2.25) and (2.26) are independent of M . We conclude
that, for k > max(5¢, m + 1), we have

2.27
E'aIlk}‘l"k(A) < 4(rank Hj_(,—1)(A123) + rank H; (A}23))
+ 3(ranka_([-,)(A12 X A34) + ranka(Alz x A3q))
+ 6(2 rank Hy_ (20 -2)(A12) + 3rank Hy _ ;1) (A12) + rank Hy (A12))
+ 18(rank Hy_;_(2¢—2)(A12) + 2rank Hi_ _(;—1)(A12)
+ rank Hy _; (A12)).
[10(])n the other hand, we have the following theorem of E. Fadell and S. Husseini

Theorem (E. Fadell and S. Husseini). If X = {x,} denotes a fixed set of mutu-
ally distinct points in R and X; = {xi, ..., x;} then, using coefficients in Z;,
we have '

(2.28)

H,(QF;(®")) = H.(Q® - X;_1)) ® H.(QR! — Xj_,)) ® ... ® H.(QR! — X))

where F;(R) denotes the j-th configuration space on R and QY is the space
of free loops on Y .
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Here, we have A = QF;(R!), A3 = QF(RY) and A, = QB ((RY).

results of Vigué-Poirrier [20] and Fadell-Husseini [10], we have
rank H, (Q®! - X;); Z3) #0only if k=0, 1 (mod £ — 2),

rank H; (Q®R! - X;); Z) < j fork=r({ -2)and k =r({ - 2) + 1
and

rank H(Q® - X)); 2) 2 g5 (1-17)

fork=r({-2)and k=r(f{ -2)+1.

By (2.28), we have i
H.(A12) = HW(Q® - X)),

H,(A123) = H-(Q(Rl - XZ)) ® Ht(AIZ)

and
H.(A) = H (QR" - X3)) ® Hu(A123).
Hence,
rank Hi(A2) < 1
and

rank Hy (A2 x A3s) <k + 1.
If k=r(£—-2)+1, then

rank Hj (A123) < 22

and
rank Hy__1)(Aj23) < 2"+
We also have
rank Hy(A) = Y%_, rank H,(Q(R! — X3)) x rank H, _,(Ai23)
(2.29) > rank Hi (Q(®¢ - X3))

> iy (1-r37%).
But (2.27) implies that
(2.30) rank H; (A) <32 x 2"+ 8r(¢ - 2)

for r large enough.
(2.29) and (2.30) imply that
3"
_—  (1-r3—% r -
(2.31) r(r—l)(l r3"1) <32 x2"+8r( -2)
and this is false for r large enough.
This contradiction establishes Theorem 2.1.

By
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3. GENERALIZED MORSE INEQUALITIES FOR THE 4-BODY PROBLEM

Let g be a critical point of I. Let m(q) be the Morse index of g, i.e.,
m(q) is the maximal dimension of a subspace of TA, on which I” is negative
definite. Let 7i(q) be the generalized Morse index of ¢, i.e., 7(q) is the
maximal dimension of a subspace of TA, on which I” is non-positive. m(q) =
m(q)+ the nullity of I”. The translational symmetry of I implies that

m(q) —m(q) > L.

Let B.(A) be the k% Betti number of A and let N, be the number of
critical points, g, of I such that m(q) = k. Then, we have the following
theorem:

Theorem 3.1. Let V satisfy (V}) — (Vs). Assume that if I'(q) =0 then m(q) —
m(q) = £, i.e, I has only non-degenerate critical points, modulo translations.
Then, if k=r(l-2) or k=r(l-2)+ 1, we have
3}‘
— ’ ——————
Ne 2 B(A)—a2 > Sy
for k large enough, where a and c are positive constants and 0 <c < 1.

Proof. For a fixed k, there exists M > 0 such that any homology class {z} in
Hi(A) can be represented by a chain z having support in I¥ . This follows
from the fact that H;(A) is finitely generated which is a consequence of the
result of E. Fadell and S. Husseini [10]. Let

(3.1) IM={qgeA/I'(g)=0, I(g) < Mand m(q) =k},

(32) Z*'M={qeA/I'(q)=0, I(g) <Mand m(q)<k-1}.
Let

(3.3) A= | Wula)
qEZM

and

(3.4) Be= |J W)
qe‘zk—l‘M

By [19] (Theorem 5.1), the chain z with support in I™ representing {z} €
H;(A) may be represented as a chain in Hy(# > U Z;(Dp+1)) With Dpyy =
qu‘zMH M(q) ©

The support of z is provided by a continuous map, which we can approx-
imate by a differentiable map, from the standard k-simplex into 7™ . Hence,
using a transversality argument, we can assume that the support of z does not
meet the stable manifolds, W;(q), of the critical points ¢ with m(q) > k.
Therefore, {z} may be represented as a chain in Hy(# >° U Z;(Ax U By_,)) .-
Letting € — 0, {z} may be ~represented in Hy(#*UAUBy_,).

We can extend Z'® to # *, a neighborhood of I¢ U D> where D™ is
the union of the unstable manifolds of all critical points at infinity. Since
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2l NI M+l = g' each chain of Hi(A) may be represented as a chain of
H(#*°UA,UB;_,).

Then, we show that
(3.5) H(F°UAUB_,, #®UB_))=Z.

Indeed, A4, U B,_, fibers locally over B,_; (i.e., there exists a neighborhood
U of By_; such that (4, UB;_;)NU is a fiber-bundle over B;_;. This fol-
lows from the fact that W,(q) fibers locally over W,(q’) if Wi(¢')NW,(q) # @
which is a result proved by A. Bahri and P. Rabinowitz in [6] ( Proposition 7.24).

On the other hand, (A, — .%CM 18] YU By_, isinvariant under the pseudogra-
dient flow. This implies that (4, — ZM)U# U B_, has the homotopy type

of U By since the decreasing flow will bring the complement of Z¥ in
their unstable manifolds (4;) to neighborhoods of the unstable manifolds of

critical points of Z*~1-M or into I¢' . Hence
(3.6) H(#F®UAUB,, Z*UB,_))
. =H(Z®°UAUB_;, (A~ FM)UF @ UB,_)).

By excision, we have
H( @ ®UAUB_y, (A= FM)UF = U B,_))
= Hi (A, A - M) = 2.

Then (3.5) follows from (3.6) and (3.7).

Since any generator of H;(A) can be represented in Hk(?/'“ U A, UB_)
and this representation is injective, we have

(3.8) rank Hy (7 U Ax U By_,) 2 Bi(A).

(3.7)

Hence, using the exact sequence for the pair (% ©UA,UB_,, YU Bi_1),
we get

(3.9) Ne > Bi(A) — rank H(Z"® U By._)).

Following the proof of A. Bahri and P. Rabinowitz [6] for the 3-body prob-
lem, we can show, using fibrations, a retraction argument and a Mayer-Vietoris
sequence, that

(3.10) rank Hy(#"* U By_,) < rank Hy(Z"*).
(3.10) together with (3.9) imply that
(3.11) Ni 2 Bi(A) — rank Hy (7).

Then, by similar arguments to those used in Section 2, if k is large enough,
we get

(3.12) rank Hy(#®) < 4(rank Hy__1)(A123) + rank Hy (A23)) + p(k)
where p(k) is a polynomial of degree 1 in k.
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If k=r(l-2) or k=r(l-2)+1, then
(3.13) H(F>®)<a2

where a is a positive constant.
This implies that if k =r(/-2) or k=r(/-2)+1, then
3"

3 ‘.
B14) N2 (A - a2 2 o= (1-r378) —a2' 2 ¢ Lo

r(r-1)
where ¢ is a positive constant, 0 <c< 1.

4. GENERALIZATION TO THE n-BODY PROBLEM
In this section, n > 4 and

n
V=> Vit q-4)
i,j=1
i#j
where the functions V;; satisfy (V) — (V).
We consider the Hamiltonian system

j+V'(g)=0
(HS) {30 +T)=q(t), VIeR.

Posing (HS) as a variational problem, we look for critical points of the func-
tional

T
1, .
1) = [ (i - Vi) dt.
The main result is:

Theorem 1. If V satisfies (V) — (Vs), then for each T > 0, I possesses an
unbounded sequence of critical values.

To prove Theorem 1, we assume that the set of critical points of I is bounded
by a. We choose M > a, then using the retraction result of [19], together with
appropriate Mayer-Vietoris sequences, we get the following inequality for k
large enough:

rank H; (A,) < Z c(ny, ..., ny)rank Hy (Ay,)...rank H, (A,,)
pi+..+p <k
ny+.+n<n
2<n;<n-1
where c(n,, ..., n,) are positive constants. These constants take into account
the interaction between the different packs defining the critical points at infinity
and are given by the homology of sets having the homotopy type of a sphere or
a wedge of spheres in ®¢.
On the other hand, by a result of E. Fadell and S. Husseini [10], using coef-
ficients in .2, we have

H,(A,) = H,(Q®R! — Xp_1)) ® ... ® H.(R — X))

where X; = {x;, x2, ..., X;} and x, # x; for r#s.
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We also know by results of M. Vigué-Poirrier [20] and E. Fadell and S. Hus-
seini [10], that

rank H, (Q®* — X;); Z3) #0 only if k=0, 1 (mod ¢ - 2),

rank H, (Q(R* - X;); 23) < j for k=r(¢ —2) and k=r(¢ -2)+1
and

rank H, (Q(® - X;); Z) > ,(,_1)(1 —rj~%) for k = r({ -2) and k =
r-2)+1.
Hence, if the set of critical values of I is bounded then

rank H, (A,) < fa(k)(n=2)" if k=r(l-2)+s, 0<s<[-2 where f,(k)
is a polynomial in k£ with coefficients depending on ».

This gives us a contradiction, since

ek Hi(An) 2k (OR — X,)
== 1)

r(r
for k=r({-2)and k=r(£-2)+1.
Finally, when I has only non-degenerate critical points, modulo translations,
i.e.,, m(q) — m(q) = £ for any critical point ¢ where m(q) is the Morse index of
q (number of negative eigenvalues of I”(gq) counting multiplicities) and 7(q)
is the generalized Morse index of ¢ (number of negative or zero eigenvalues of
I"(q)), we can show using the retraction argument of [19] that, if N, denotes
the number of critical points, g, of I with Morse index m(q) = k then

o n=1y

-1

for k =r(¢ —2) and kK = r(£ —2)+ 1 if r is large enough. Here, ¢, is a
positive constant which depends on n and satisfies 0 < ¢, < 1.

If V' is autonomous, the requirement 7i(q) — m(q) = £ cannot be satisfied.
Indeed, the resulting S! invariance of I implies that critical points occur in
circles. Therefore, 7i(q) — m(q) > £ + 1 for any critical point q of I.

In this case, following Bahri-Rabinowitz [6], we define N, as the number of
critical circles of Morse index k, and assume that 7i(q) — m(q) = £ + 1 for
any critical point ¢ of I. Then,

Ny 2 rank Hi(An) — fa(k)(n - 2)" 2>

— r
N+ Np-y 2 ¢n %
for k=r({-2) and k=r(¢{-2)+1.

To show this, I is perturbed slightly so that any circle of critical points is
broken up into two critical points, one minimum and one maximum of the
functional on the circle. Hence, one critical point has Morse index k and the
other has Morse index k + 1.
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